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1. Introduction 

The investigation of an one-parameter deformed canonical commutation relations in 
theoretical physics was originated from the study of the dual resonance models of strong 
interactions. The multi-parameter generalizations of these deformations were actively 
studied with the appearance quantum groups, quantum algebras, and quantum spaces. 
These deformations have found applications in the study of exotic, different from the 
standard Bose-Einstein and Fermi-Dirac, statistics. 

On the other hand, many properties of the modified oscillator algebra have found 
applications in the study of the integrability of the two-particle Calogero models. The 
modified oscillator algebra has been generalized to CA-extended oscillator algebra [13] 
with the hope to exploit these deformations for construction of new integrable models. 
With the same aim, a "hybrid" model [9, 10] of the modified and g-deformed oscillator 
algebras has been proposed. 

To close this cycle of ideas we consider the generalized (g; a, (3, 7; z/)-deformed os- 
cillator algebra as "the synthesis" of the (g; a, (3, 7)-deformed [3, 6] and //-modified 
oscillator algebras [10]. 

In Section 2 some of the g-deformed oscillator algebras are placed in the order of 
their extension. We find the structure function of (g; oj,/3, 7; z/)-deformed oscillator al- 
gebra. We show that this algebra is embedded into the deformed (^-extended oscillator 
algebra [13]. In Section 3 we give, following [13, 18], classification of the representations 
of this algebra. In Section 4 for the special choice of the deformation parameters of the 
algebra we study the oscillator [24] with the discrete spectrum of its "quantized coor- 
dinate" Q. This operator is represented by Jacobi matrix. We find the eigenvalues and 
eigenfunctions of this operator. The eigenfunctions are expressed by the (generalized) 
discrete g-Hermite I polynomial [25] . In Section 5 we represent the Hamiltonian of this 
model as function of the number operator and study its asymptotic energy spectrum 
behaviour. 

2. Oscillator algebra and its generalized deformations 

The oscillator algebra of the quantum harmonic oscillator is defined by canonical 
commutation relations 

[a, a] = [a + , a+] = 0, [a, a + ] = 1, [N, a] = -a, [N, a + ] = a+. (1) 

It allows the different types of deformations. Some of them have been called generalized 
deformed oscillator algebras [1, 2, 3, 4]. Each of them defines an algebra generated by 
elements (generators) {l,a,a + , N} and relations 

[N, a] = -a, [N, a + ] = a + , a + a = f(N), aa + = f(N + 1), (2) 

where / is called a structure function of the deformation. Among them - the multipa- 
rameter generalization of one-parameter deformations [3, 4, 8, 12, 13, 15, 19, 24]. 

Let us recount some of them. 

1. The Arik-Coon g-deformed oscillator algebra [5] 

aa + — qa + a = 1, [N, a] = —a, [N, a + ] = a + , q G K + , 

1 - q n 

fin) = (3) 
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2. The Biedengarn-Macfarlane g-deformed oscillator algebra [6, 7] 

aa+ — qa+a = q~ N , aa+ — q _1 a+a = q N , [N, a] = —a, [N, a+] = a+, 

f(n) = ^fZ- (4) 

3. The Chung- Chung-Nam-Um generalized (g; a, /^-deformed oscillator algebra 

[3] 



aa 



- qa+a = q aN +^ [TV, a] = -a, [N, a+] = a+, q G R+, a, (3 G 



/w = < \ (5) 



ng" " 1 +' 3 ) if a — 1. 
4. The generalized (g; a, f3, 7)-deformed oscillator algebra [8] 

aa + -q i a + a = q aN+ ^ [N, a] — —a, [N,a+] = a+, q G R+, a, A 7 G 



„^2!N!! if a ^ 7 
I Tiq +p , if a = 7. 

5. The //-modified oscillator algebra [9, 10] 

[a, a+] = 1 + 2uK, [N, a] = -a, [N, a+] = a+, 

aiT = -Ka, a+K = -Ka + , K 2 = 1, i/eR, 

f 2fc + l + 2,, if„ = » 
V ; [2A; + 2, if n = 2k + l. 

This oscillator, as it has been shown in [10], is connected with the two-particle Calogero 
model [11]. 

6. The deformed CVextended oscillator algebra [13] is defined by the relations 

A-l 

[a, a+] q = aa+ - qa+a = H(N) + K(N) v k P k , [N, a] = —a, [N,a+]=a+, 

k=0 

aK = -Ka, a+K = -Ka+, K 2 = 1, v k G R, (8) 

where v k G R and H(K), K(N) are real analytic functions. This algebra admits the 
two Casimir operators C x = e 2 ^ and C 2 = e~ 2 ^ N - k ^ x P k . 

7. The new (g; z/)-deformed oscillator [12] 

aa+ - qa+a = (1 + 2uK)q~ N , [iV, a] = -a, 
[iV, a + ] = a + , = -aK, Ka+ = -a+K, K 2 = 1, 

V + 2 ^^ ~T~ — ) ( 9 ) 
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has been denned by the combination of the idea of Biedenharn- Macfarlane [6, 7] q- 
deformation with Brink, Hanson and Vasiliev idea [10] of the //-modification of the 
oscillator algebra. 

8. In order to close this cycle of ideas we consider a (q; a, (3, 7; z/)-deformed oscillator 
algebra - ("hybrid" of the (q; a, (3, 7)-deformed (6) and the //-modified (7) oscillator 
algebras ), or, more exactly, an oscillator defined by generators {J, a, a + , N, K} and 
relations 

aa + - q<a + a = (1 + 2uK)q aN+/3 , [N, a] = -a, [N, a + ] = a + , 

Ka = -a, Ka + = -a + K, [N, K] = 0, N + = N, K + = K, (10) 

where q G R+, a,/3el, z/GlR — {0}. This model unify all deformations 1. - 7. of the 
oscillator algebra (1). 

3. Generalized (q; a, (3, 7; z/)-deformed oscillator algebra and its simplest 
properties 

(a) (g; a, (3, 7; u)- deformed structure function. Description of an deformed oscillator 
algebra requires the determination of the deformation structure function f(n). 
Equations (2) and (10) imply the recurrence relation 

f(n + 1) - q'f{n) = (l + 2u(-l) n ^q an+p . (11) 

Its solution is obtained by method of mathematical induction: 

0. f\l) = q y^)+{l + 2u(-lf)q^- 

1. f(2) = g v(i)+(i-2K-i) 1 )g al+/3 = [g 2 V(0)+(i+2z/(-i)°)gV 0+/3 +(i-2K-i) 1 )^ 1+/3 ; 

2. /(3) = <f /(2)+(l-2z/(-l) 2 )g a2+/3 = g 37 / ( ) + ^ 1+2z/ (_l)0j g 2 7g a0+/3 + ^ 1 _ 2z/( _ 1) lj g7g al+ / 3 + 

(i-2v{-ify a2+ p- 

3. /(4) = gV(3)+(l+2z/(-l) 3 )g a3+/3 = g 4 V(0) + (l+2z/(-l)°)g 3 V° +/3 +(l-2^(-l) 1 )g 27 g al+/3 + 
(l - 2v(-l) 2 }q<q a2+ P+(l + 2z/(-l) 3 )g Q3 +^ 

n— 1 n— 1 

n. f(n) =g n7 /(0) + ^g 7{n " A; - 1) g afc+/3 + 2z/^g 7(n ~ fe - 1) (-l)V fc+/3 - 

fc=0 fc=0 

The solution of the equation (11) with the initial value /(0) is given by formula 
\/(0)g 7n + ng 7 ("- 1 ) + ' 3 + 2z/g 7 ("- 1 )+' 3 (i^ r ^), if a = 7. 
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(b) Positivity of (q; a, /3, 7; v)- deformed structure function. We try to define the 
values of the parameters {a,/3,7, u}, where function f(n) is positive. 
The inequality 

n in — n an n^ n — ( — 1 \ n n an 

1 q — + 2v^ 1 ' q >0, (13) 

- q a q~< + q a v ' 



can be rewritten as 



for even n and 



for odd n. 
It follows 



(<f n - O {-t^ + 2z/ -7^) > ( 14 ) 

V o 7 — o a q 1 + g Q / 

+ 2z/>0 (15) 



.q^-q a q^ + q c 



l + 2z/>0 (16) 

if g > 1, 7 - a > (q < 1, 7 - a < 0) 

-l<2v<- q ^°- (17) 

if g < 1, 7 - a > (q > 1, 7 - a < 0). 

The conditions (16) and (17) are sufficient to ensure that the Fock representation 
of the relation (10) has the Hermitian properties. 

(c) Useful formulas. The two formulae for the study of this algebra will be useful. 
One of them 

a(a + ) n -q <n (a + ) n a= [n; a, 7; vK](a + ) n ~ l q aN+ ^ (18) 

where n > 1, 

n:o;,7:z/A = < v /, , < N „\ (19) 

L J |ng^ 1 )+2z/^("- 1 )(i^) ! if a = 7 

is deduced by method of mathematical induction. 

Indeed, for n — 1 the relation (18) is true by definition. The assumption that it is 
true for some n implies 

{a(a + ) n+1 = a(a + ) n a + = [q' n {a + ) n a + [n; a, 7; uK\(a + ) n - 1 q ati - { ) a + = 

g 7n (a+) n aa+ + (a+)>; a, 7; -z/^]g Q ^ +1 ) +/3 = 
g 7n (a+) n (Va+a + (1 + 2z/iT)g aJV+/3N ) + {a + ) n [n; a, 7; -z/if]g 



a(N+l)+/3 



g 7(n+i)( a +)(n+i) a + g 7«( a +)n^ + 2uK^q aN+f5 + g a (a+) n [n; a, 7; -z/K]g a7V+/3 . 

The direct calculations leads to (18). 

The second formula gives the generated function for [n; a, 7; vK\ : 

VM, 7 ;#«=|^(^ + M ^)' if ^ 7 (20) 

n=o Irrw + s^Yzfe, if a = 7. 
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(d) Deformed C2-extended and (q; a, (3, 7; u)- deformed oscillator algebras. The defin- 
ing relations of the deformed ^-extended oscillator are given by 

[N, a + ] = a + , [N, P k \ = 0, a + P k = P k+1 a + , P 1 + P 2 = I, P k Pi = S kjl P h 

aa + - q~<a + a = H(N) + u(e(N + 1) + g 7 £(A0) (P - PJ, (21) 

where q, v e M.,k,l = 1,2, and E(N), H(N) are real analytic functions. As we saw 
above the deformed extended oscillator algebra C\ admits the two Casimir operators 
Ci, C 2 . In case of the C 2 -extended oscillator algebra they have the form 

d = e 2niN , C 2 = Hl =0 e- 2 ^ N - k ^ 2 = e™ N K. (22) 

Let us define the operator 

C 3 = q~^ N (d(N) + uE(N)K - a + a) , (23) 

where D(N), E(N) some analytic functions of N. The operator C3 will be the Casimir 
operator of the oscillator algebra (21) if the only one condition [C3, a] = holds. It 
amounts to determination of the solution of the equations 

D(N + 1) - q<D{N) = H(N), E(N + l)(3 k+1 - q<E{N)f3 k = K(N)u k , (24) 

where u = —v x = v, f3 = 0, (3 2 — 0, Pi — v, k = 0, 1. Putting the solution E(N) = 
2q aN+ P/{q~< + q a ) of the equation of (24) and H(N) = q aN+/3 in (21), we obtain the 
commutation relations of the (g; a, (3,% z/)-deformed oscillator algebra (10). Moreover, 
the solution 

q P^(N-i) N + uq -r) if 7 = a 
of the first equation (24) gives the explicit form of the Casimir operator 

c _ I r» h<$3£ + 2,^£v _ a+a) iia ^ 1 

\q-^ N [N + v(l + (-l) N )q^ N+ P -a+a) if a = 7. 

3. Classification of representations of unified (q; a, (3, 7; z/)-deformed oscil- 
lator algebra 

As has been shown in the previous Section the (q; a, (3, 7; z/)-deformed oscillator 
algebra allows nontrivial center which means that it has irreducible non-equivalent 
representations [16, 17]. We give a classification of these representations by method 
similar to the one in the articles [13], [18]. 

Due to the relations (10) there exists a vector |0) such that 

a + a |0) = A o |0), aa + |0) = ^[0), N\0) = x |0), K\0) = u;e _i7r *°|0), 

where uj is the value of the Casimir operator C 2 on the given irreducible representation. 
By using the formula (18) we find that vectors 

|„>H (a+m ifn "° (26) 
>)~ n |0), ifn<0 K ' 



D(N) 
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are eigenvectors of the operators a + a and aa + : 

a + a\n) = X n \n), aa + \n) = /i n \n). 
Let us define new system of the orthonormal vectors {|^)}"=^oo, by 

, v f(nLi^) _1/2 (a + r|0), ifn>0 

\n} = <) J . _ 1/2 (27) 

[(]KiA„ +fe ) (a)-"|0), ifn<0. 

Then the relations (10) are represented by operators 



a + \n) = ^\ n+ i\n + 1), a|n) = yAnl™ - 1), 

(-l) n 

N\n) = (x + n)|n), = ^ —B\n), (28) 

where B = 2z/we~" r ^ G R. Due to non- negativity of the operators a + a, aa + we have 
\ n > and /i n > 0. By using (10), we find (28) and \ n = ii n -\ we obtain the recurrence 
relation 

A„+i - qtXn = (l + {-l) n B)q< n+ ^ + P. (29) 
Take into account the relation (12) the solution of equation (29) can be represented by 

\ nC ,in _J_ „«X +/3 f <l ' -Q 1_ 1 ) if a + ry- 

Ao g7n + ng 7(n+-0-l)+/3 + 5g 7(n + ^-l)+^M_irj ? if « = 7. 

Equivalently, using the expression of the Casimir operator (25) and the representa- 
tion (28) the solution A n of equation (29) can be presented by means of the eigenvalue 
c 3 of the Casimir operator C 3 in irreducible representation of the relation (10) 

9 c 3 + 9 ^ + ^ g^T^ J' 11 Q H, 

A g 7n c 3 + n? 7(n+*D-i)+/3 + Bq^ n+ ^-^ + P (^^j , if a = 7. 

It is easy see that A„ in (30) coincides with the value of (31), where i? = [—1)^2^. 

According to [13] a representations of the generalized oscillator algebra is reduced 
to the four classes of unireps: 

1. Representations bounded from below. They are defined by (28) and n\ e Z< 
such that 

|A„,=0 it„ l6 {...,-2,-1,0} 
[A n >0 if n G {ni + l,ni + 2,...}. 

(i) Let A n be defined by formula (30) for 7 — a = 0, q > 0. The non- negativity of 
A„ implies 

A n = A + nq^-W + Bqi^-W > 0. (33) 

It follows (32) and due to (28) a\ ni ) = 0. 
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After possible renumbering of vectors \n) we obtain a|0) = and due to (28) one 
gets Ao = 0. Therefore the representations are given by formulae (28) with 

A n = n( f (n+*0-l)+/3 + Bq l(n + x -l)+f3 j ^"^" ) , (34) 

where n > 0. The arbitrary values of the parameter x , and B > correspond to 
nonequivalent representations of (10). 

(ii) Let A n be defined by (30) for 7 - a > 0, q > 1 (7 - a < 0, < q < 1). 

The assumption of the positivity at last one of the numbers ql \ qa ± q i+ q <* an d the 
nonnegativity of A n 

( X q-^ + + — — ) > q^ a)n ( + tHR) (35) 

V qi-q a qi + q a J~ \qi - q a q^ + q a J v ' 

for n > implies (32) and and due to (28) a\ni) = 0. 

After possible renumbering of vectors \n) we obtain a|0) = and due to (28) one 
gets A = 0. Therefore the representations are given by (28) with 

A = a„o+/3+n 7 ( + /j 1 I L ) <* ) „ > 0. ( 36 ) 

V qi -q a q^ + q a J 17 

The nonnegativity condition for A n implies B > — 1. 

The arbitrary values of the parameter xq, and Ao = and B > — 1 defined nonequiv- 
alent infinite-dimensional representations of (10). 

iii) Let A n be given by (30) for 7 — a > 0, < q < 1(7 — a < 0, q > 1). 

It can be represented by 

{ (**-<■-*> + ^ + - (_L_ + fc^f ) }. (37) 

IV q^ — q a q< + q a J \qi — q a q^ + q a / J 

The nonnegativity of A n > 0, negativity of (x^^^^ + ql "L qa + q t+ q o^ j < 0, and 

the non-positivity of (^z^ + ^qT+ q <* ) implies (32) and a\ni) = 0. The same arguments 
as in the items i), ii) give a|0) = and due to (28) Ao = 0. Therefore the representation 
is given by (28) with A n as (36). The nonnegativity condition for A n gives a restriction 
for possible values of B : 

a 1 + a a 

— \<B< - q ^ q (38) 
qi + q a v ' 



The arbitrary values of the parameter xq, and — 1 < B < — ^7^5 and Ao = distin- 
guished irreducible representation of the relations (10). 

2. Representations bounded from above. They are defined by formulae (28) and 
%6N such that 

|A„ 2 = ifn 2 e {1.2.3....} 
[A n >0 ifne{n 2 -l,n 2 -2,...}. 

Let A n be given by formula (30) < q < 1, (a — 7) > (5 > 1, (a — 7) < 0) and both 
values -73^ ± q-^+q" are non-positive (at last one of them must be strictly negative). 



From the non-negativity condition A n > it follows the existence of n 2 such that (39) 
holds. From formulae (28) we obtain a + |n 2 ) = 0, and after possible renumbering we 
may assume that a + |0) = 0, and due to (28) Ai = 0. 

The formula (33) implies A = -q a ^+^(l + B). The condition A > is equivalent 
to B < -1. It follows 

W~ " '"') + B ( W " - °' (40) 

n < 0. Therefore the representation is given by formulae (28) with A n as (40). If B < — 1 
the nonnegativity condition for A n gives a restriction for possible values of B : 

B<-^ (41) 
- q j + q a 

The arbitrary values of parameter x and A = — q a ^ ,+ ^'"'(l+B), B < distinguish 
irreducible representation of (10). 

3. The /iniie dimensional representation. They defined by formulae (28) and ni e 
{. . . , -2, -1, 0}, n 2 G {1, 2, 3, . . .} such that 

A [A ni = A n2 = ifn 2 e{l,2,3,...},n 1 e{...,-2,-l,0} 
n \A n >0 ifne{ni + l,m + 2,...,n 2 -l}. 

i) One-dimensional representations. These representations are given by formulae 
(28) with A n calculated from (36), (37) and (40) at B = -1 

A n = q -o^+P ( 1 q — - I [ L) q ) . (43) 

V qi -q a qi + q a J 

In this case n\ = (ni = —1) and n 2 = 1 (n 2 = 0) and the representations (28) are 
defined by 

a = a + = 0, N=k , K = -^-. (44) 

These representations are one-dimensional. Their are parametrized by xq. 

ii) Two-dimensional representations. Let A n be defined (30) for 7 — a>0, 0<g<l 
(7 — a < 0,q > 1). The values of A n ,n > in (37) are nonnegative if we assume 

(\g~ {Q ^ +/3) + -7^7 + ^rf^r) = and both values (-7^ + ^pr ) are nonpositive. 



At B = =bjl±2^ W e obtain 



— -fl M l)")- (45) 



The value A n = g " ( Jl°^ +<3 (l + (-l) n )) implies (42) for m = -1, n 2 = 1 and 

_ 2q a *0+f 3 

The vector space of this representation spanned by the two-dimensional vectors 

^0 
9 



and due to (28) the representation are defined by 







2q°"<0+P \ I 



These representations are distinguished by the arbitrary values x , and _B = ± ^^ a , 
Ao 



2gQ (^ )+/3 



<?"-<?' 



The value A n = £p±£££^i - (-l) n ) implies (42) for m = 0, n 2 = 2. Moreover 

_ 2gQ (^ + l)+/3 

1 ~~ 9 Q -<2 7 

The vector space of this representation spanned by the two-dimensional vectors 
and due to (28) the representations are given by 



\ In. / V^o+iH/a 



g a(* +l)+/3 

q a -q~< 



, .. 

a = | V 9-9' 





These representations are defined by arbitrary values of x , and A = 0, B = — 

4. Unbounded representations. They defined by (28) with A n > for all n G Z. As 
follows from (37) they are realized if < q < 1, (a — 7) > (g > 1, (a — 7) < 0) and 



a 



A -a*o-/J + 1 + g > Q | B | < _ g 7 + g' (4g) 

f-f f + f " 1 qi -q a v 7 

or 

Aog^'-' 3 + —— + — — > 0, \B\ = -^—^-. (49) 

q ~( - q a q a + g y 'II g7 _ V 7 

Under the transformations 

B —> B' = (-l) n B, x -> x' = x + n, 

A - A(, = A <f n + g^> +/3 ( q - q — + 1 j M (50) 

\ q^-q a q"t + q a J V 7 

the conditions (48) and (49) are preserved 

\' n = \ oq ^ + q ^o+P(S. <L_ + B q - q —), (51) 

V (f - q<* cp + q<* / ' v ' 

X' q-^-P + i + B ' = g(7-a)n ( ^ ? -a*o-/3 + 1 + B \ ^ 

u q~t-q a q a + qy \ q^ - q a q a + q~i ) 
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and unbounded representations pass to themselves. 
4. Spectrum of "quantized coordinate" Q 

According to previous section if we put uo = 1, x = 0, in (36) we obtain the Fock 
representation of the relations (10) 

N\n) =n\n), K\n) = (-l) n \n) , 

, 7 (2n+l) _ „a(2n+l) „7(2ri+l) , „a(2n+l) 1/2 

a+|2n> = // 2 ^ Q - + 2u^ ±* ) \2n+l), 

a + \2n-l)=q^ 2 q - ^— + 2v Q - Q —) \2n). (53) 

The properties of the quantum harmonic oscillator are closely related to Hermite 
polynomials. Different g-deformed oscillators generate distinct g-deformed Hermite 
polynomials and their generalization. Unlike to quantum harmonic oscillator, gen- 
eralized q-deformed oscillators frequently define the position and momentum operators 
with the discrete spectrum and their eigenfunctions are represented by means of a q- 
Hermite polynomials. For some q-deformed oscillators this problem was studied in [20] , 
[22], [21]. In [24] the generalized q-deformed oscillators connected with the discrete 
(generalize) q-Hermite I and q-Hermite II polynomials have been build. In this Sec- 
tion we show that corresponding oscillator algebras of this models are embedded in the 
(q;a,(3, 7 : z/)-deformed oscillator algebra. 

Let us consider the operator (" quantized coordinate" ) Q = a + + a, or 

Q|n)=r n |n + l)+r n _i|ra-l), r n = f 1/2 {n + 1). (54) 

The self-adjointness and spectral properties of this operator is defined by polyno- 
mials P n (x) of first kind for the Jacobi matrix Q. 

Defining the generalized eigenfunction Q\x) = x\x), where \x) = J2^=o Pn{x)\n), we 
obtain the recurrence relation 

/ 1/2 (n)P„-iW + f 1/2 (n + l)P n+1 (x) = xP n (x), (55) 

where P-i(x) = 0, P = 1. 

In this Section we consider of the oscillator (10) for special choice of parameters 

a = 2a, 7 = 2a + c - 1 (5 = 2a + b, v = 0. (56) 

We obtain the relation [24]: 

aa + - q 2a+c - 1 a + a = q 2 < N ^)+\ (57) 

or equivalent 

aa + - q 2a a + a = q 2 ^)+\i^ (58) 

which together with other relations of (10) form the corresponding oscillator algebra. 

The self-adjoints of the operator (54) can be established by the Theorem 1.3 Chapter 
VII in [23]. For this purpose it is sufficient to prove the divergence of the series 

00 1 

£- = °°- ( 59 ) 

n=0 ln 
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The operator Q (54) is symmetric one. If 

r n > 0, r„_!r n+1 < r 2 n , — < oo. (60) 



n=0 " n 



by the Theorem 1.5 Chapter VII in [23] its closure Q is not self-adjoint operator. 

In our case the property r n > 0, r n _ir n+ i < r 2 is satisfied automatically, therefore, 
the self-adjointness of the operator Q are reduced to the proving of the convergence of 
the series (59). We obtain the cases 



q < 1, 



a < 0, c — 1 > 0, divergent, 

a > 0, c — 1 > 0, convergent, 

a + ^ < 0, c — 1 < 0, divergent, 

v a + > 0, c — 1 < 0, convergent. 



(61) 



2 

The equation (55) for this case take the form 

xP n (x;q) = (Y^)) 1/2qan+b/2{1 -^) 1/2 Pn-i(x;q) 

+ ( T ^) 1/2 g a(n+1)+6/2 (i-g' (ri+1) ) 1/2 P„ + i(^g), (62) 

where q' = q c ~ l . If we change and rescale of the variables y — (1 — q'Y^ 2 x, P n (x; q) = 
ip n ((l — q'Y^x; q) then it follows 

xip n (x;q) 

= q a{n+1 ^ b / 2 {\ - q'^^x; q) + q an+b (l - g'") 1 ^-^; q). (63) 
Representing ip n (x; q) as 

qan 2 /2 

ipn(x; q) = 7Th h n{x\ q) 

we get from (63) the recurrence relation for the (generalized) discrete q-Hermite I 
polynomials h n (x; q) : 

xh n (x; q) = h n+1 (x; q) + q 2an+ \l - q' n )h n -i(x; q). (64) 

The solution of this equation is given by anzatz 

N/2] / / l\ 

h n ( X] q) = J2 7 _(_^k q (2an + b)k q ,k(k-n) x n-2k (g5) 

k=o \ (a n ,c n ); (l,q' d ) 



where a n , c n , d are unknown quantities. The notation 

({ ? \ / _ \/ _ \ (av k ~ 1 — ca k ~ ls ). otherwise ^ ^ 
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we use from [26]. The substitution (65) into (64) leads to the equation 

1 _ q 'n+i _ q ^+\a n - c n g ,d(fc ~ 1) V~ 2( *~ 1) = 1 - g ,n " 2A;+1 (67) 
The solutions of this equation 

a n = g ~2an-yn-l ? ^ = q -2an-b q ,n+l ? & + 2 (gg) 

give the solutions of (64) 

N/2] , , ,s 

h n (x; q) = J2 (a ^71^ (-if q^ k q' k ^ x^ k . (69) 

^ (q' 2 ;q' 2 )k(q';q')n-2k 

They can be represented in terms of the basic hypergeometric function as 



/ n l—n n /—n-\-l r .Au,it,-Tu f -.iii . 

h n (x;q)=x n 2 <P [ q ' q _ q'^V—J-y (70) 

As has been shown in [24] these solutions at a — |, b — — 1, c = 2 is reduced to discrete q- 
Hermite I polynomials and the relations (57) (or (58)) to equation of the corresponding 
g-deformed oscillator. 

The solutions P n (x;q) of the equations (62) with the initial conditions P-i(x;q) = 
0, Pq{x\ q) = 1 can be written as polynomials of degree n in x : 

q-an 2 /2 

= *+»„, , A i/ 2 /j -"(v /1 -q' x i q)- ( 71 ) 

q 2 n (q';q')n 

Now we restrict ourselves by the condition a — (c — l)/2 in (71). Then 

— an(n— 1)/2 

^(*; ?) = ^--iFh^^; </)■ (72) 

These polynomials are orthogonal with respect to the discrete measure 
du(x) = g /2 )^5(x - g _ (2a+h) ^__ )d a ; 



2an+b n ln * 



g-^vyr^gj (g-( 2 "+ b )(g^(i - gV,^ 2 )^ g /fc 

+ ^ 2 (g^Ooo (X g -(^)/ 2v /T^ dx 

g -(2a+b)/2 v ^-T^7| aT | ( g -(2a+ft)( g /2( 1 _ q > . g 2^ ^ q ,k 

+ to 2 d[X+ q~(^VT^? )dX - 

(73) 

The orthogonality relation has the form 

- 1 (r/:r/)so -P m (l;?)P„(l;?) 



(q';q% 2(g' 2 ;g' 2 ) c 

/fe /„/2fc+2 /. I2\ ( I. I2\ 

+ £{^' fc ; vwf* 9) + ?)> V- — ; 2 °: jo ° - (74) 

fe> 2 w ,q J™ 
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It follows that spectrum of the position operator Q is 

(±q (2a + b)/2 ± (2a +b )/2 , ± (2o+6)/2 /* 

^ g = t^7' 7r^? 7r^? — ;fc ^°)- (75) 

4. Hamiltonian and energy spectrum of (q; a, (3, 7; z/)-deformed oscillator 

Energy spectrum of free (q; a, (3, 7; v)- deformed oscillator. In general, a Hamilto- 
nian H(a + , a, N) of an oscillator is a function of the operators a + , a, N. As an example, 
we consider the free standard Hamiltonian 

H= n ^{a\a}= n ^(aa + + a + a) (76) 

of the (g; a, (3, 7; z/)-deformed oscillator. 

Due to the structure function of deformation the free Hamiltonian H of the (q; a, (3, 7; v) 
deformed oscillator in the Fock representation (53) can be written only as function of 
number operator N 

H= h*>«( ( f N -<l aN 2i , q" N -(-l) N q aN \ 
2 I V qf - q a + q Q ) 



■ql{N+l) _ q a{N+l) q l(N+l) _ ^_ 1 ^(AT+l) ? a(JV+l) 

qi - q a + V qi + q a 



)}• (77) 



For a study of the spectrum and the nonlinear frequency of this oscillator, it is 
convenient to use new parametrization 

q = e r , a = p-fi, 7 = p + fi. (78) 

We have 

2 

rsinh(r/x(n + 1)) _ rp sinh(r/in) ^ 1 — (— l) n /sinh(r/i(n + 1)) ^ _ rp cosh (r/xn) \ 
I sinh(r/i) sinh(r/i) 2 V cosh(rii) cosh(r/i) / 

1 + (—1)™ /cosh(r/i(n + 1)) sinh(r/m)\ "1 



or 



2 V cosh(r/i) cosh(r/i)//' 

/k^o T r*_^ f 1 + e r{p+p) e T{p+ll)n 1 + e r ^ e T ^ n 
-C/n = — — e 



3 t(/9-p)|; 



2 sinh(r/i) 2 sinh(T/x) 

1 _ ( — l) n /l + e T (P+M) e T(p+fJ.)n l _ e r(p-n) e r(p-p,)n . 

2 V 2 cosh(r/i) 2 cosh(r/j)/ 

1 _l_ (— l) n / l + e r ^ p+ ^ e T<yp+ ^ n 1 — e T ^ p ~^ e T ( p ~^ n \ "1 



2Z/ 2 I 2 cosh(r/i) 2 cosh(r/j) / J ' ^ 

It follows that the number of the energy levels is infinite, and the eigenvalues E n for 
r 7^ 0, n — > 00 depend on the parameters a, 7 via the exponential factor e 1 "^ - '^. 
It is convenient to consider the eigenvalue _E„ of H for n even and odd separately: 



sinh(r/x) 2 sinh(r/i) 



14 



\ 2 cosh(rp) + 2 cosh (rp)Z J ^ 



for n odd, and 



E _hujQ T{(3 _ p) r 1 + e T ^+^ e T ^ + ^ n 1 + e T ( p -^ ^(p-**)" 
2 I 2 sinh(r/i) 2 sinh(r/i) 

/ 1 + e r ( p+M ) e T (p+v) n l _ 6 t (p-m) e r(p-^)n , . 

2 V 2 cosh(rp) 2 cosh(rp)/ J ^ 

for n even. It follows the spectrum of this oscillator is not equidistant and the spacing 
is equal 

2 smh(r//J 

(Tij Asymptotic behaviour of energy spectrum of Hamiltonian H . 

According to the analysis given above, we have to give the estimation of the spectrum 
of Hamiltonian (80) for the parameter —1 < 2u, if r(7 — a) > and — 1 < 2v < 
coth(r(7 — a)/2) if r(7 — a) < 0. Three cases must be distinguished: r(p + |p|) > 
0,r(p+|p|) < 0,r(p+ |p|) =0. 

In special case p = 0, (a = 7 = p) we have 



£ = ^0 e r(/3+pn) 



(n + + e~ rp ) + (-l)M 1 - e_TP ) + 1 • ( 84 ) 



If (r(p+ |p|) > and — 1 < 2u, then from (80) it implies that the energy grows to 
infinity with increasing n. 

If r(p + |p|) — 0, then in the case (p = p) we have 

hour, a a r e 2rpn - 1 e 2rp(ri+1) - 1 e 2prn - e 2pT(n+1) 

£ n = ^e T V-"|- + + 2v- }. (85) 

2 I e T ^ - e- T ^ e T ^ - e~ T ^ e T ^ - e~ T » J 

The same holds for p + p = 0. 

It follows that E n monotonically increase to upper bounds that depends on param- 
eters 

hw e T ^-^ 



2 sinhr|p| 

If r(p + |p|) < and —1 < 2v then the energies (81) and (82) at first increase and 
then go to zero as n — > 00. In the particular case p = in (81) and (82) we have 

En = ^ e ^ + ^{n(l + e- T ») + 2u + l}, 

for n odd and 
for n even. 



15 



Acknowledgements 

This research was partially supported by Grant 14.01/016 of the State Foundation of 
Fundamental Research of Ukraine. 

References 

[1] Odaka K., Kishi T., Kamefuchi S., J. Phys. A 24, L591 (1991). 

[2] Daskaloyannis C, J. Phys. A 24, L789 (1991). 

[3] Chung W.-S., K.-S. Chung, S.-T. Nam, Um, C.-L, Phys. Lett. A 183, 363 (1993). 

[4] Meljanac S., Milecovic M., Pallua S., Phys. Lett. B 328, 55 (1994). 

[5] Arik M., Coon D. D., Lett. 75, 4724 (1995). 

[6] Biedenharn L.C., J. Phys. A: Math. Gen. 22 L873 (1989). 

[7] Macfarlane A. J., J. Phys. A 22, 4581 (1989). 

[8] Borzov, E. V. Damaskinsky, S. V. Yegorov, Some remarks on the representations 
of the generalized deformed algebra, q-alg/9509022. 

[9] Vasiliev M. A., Int. J. Mod. Phys. A 6 1115 (1991). 

[10] Brink L., Hanson T. H., Vasiliev M. A., Phys. Let. B 276, 109 (1992). 

[11] Calogero F., J. Math. Phys. 10, 2191 (1969). 

[12] Brezinski T., Egusquiza I. L., Macfarlane A., Phys. Lett. B 276, 109 (1992). 

[13] Quesne, C, Vanstineekiste N., C\-extended oscillator algebras and some of their 
deformation, math-ph/0003025. 

[14] Quesne, C, Vanstineekiste N., Representation theory of generalized oscillator al- 
#e&ras,q-alg/9701031. 

[15] Burban I. M., Phys. Let. A 366, 308 (2007). 

[16] Rideau C, Lett. Math. Phys. 24, 147 (1992). 

[17] Chaichian H., Grosse P., J. Phys. Math. Gen. A27, 2045 (1994). 

[18] Kosinski P., Majevski, M., Maslianka, P., Representation of generalized oscillator 
algebra, q-alg/9501012. 

[19] Mizrahi S. S., Lima J. P., Dodonov V. V., J. Phys. A: Math. Gen. 37, 3707 (2004). 

[20] Burban I. M., Klimyk A. U., Letter in Math. Phys. 29, 13 (1993). 

[21] Borzov V. V., Damaskinsky E. V., Kulish P. P., On position operator spectral 
measure for deformed oscillator in the case of indetermined Hamburger problem, 
math.QA/9803099. 

16 



[22] Chung W-S., Klimyk A. U., J. Math. Phys. 37 917 (1996). 

[23] Berezansky Yu. M., Expansion in eig en functions of self-adjoint operators. Amer. 
Math. Soc, Providence, R. I. 1968. 

[24] Burban I. M., Generalized q-deformed oscillator, q-Hermite polynomials, general- 
ized coherent states, math-ph/0607045. 

[25] Koekoek R., Swarttouw R. F., The Askey-Scheme of Hypergeometric Orthogo- 
nal Polynomials and Its q-analogue (Delf University of Technology, Report 98-17, 
1998). 

[26] Jagannathan, R., Rao K., Two-parameter quantum algebras, twin-basic numbers 
and associated generalised hypergeometric series, math. NT/06026513. 



17 



